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Abstract
We investigate the CGHS model through numerical calculation. The behavior
of the mass function, which we introduced in our previous work as \local mass",
is examined. We found the mass function takes negative values, which means the
amount of Hawking radiation become greater than the initial mass of the black
hole as in the case of the RST model.
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Recent years have seen that the 2d dilaton black hole model have attracted
a great deal of attention [1, 2, 3, 4, 5, 6, 7, 8]. It provides the means to treat
evaporating black holes by quantum eects. There comes, hence, the expectation
that it might serve as a useful toy model for real four dimensional black holes,
whose evaporation process have been causing a lot of controversial problems such
as the information problem. Although the analysis of the 2d dilaton black hole
model has remained within the semi-classical approximation so far, this would be
a great step towards the complete understanding of the quantum behavior of the
black hole.
We are interested in studying the end point of these black hole models within
the semi-classical approximation. There have been made some numerical studies
on the CGHS model by several authors [9, 10, 11], however little is known about the
end point of 2d black holes so far. In particular, it is quite a hard task to estimate
the total amount of the Hawking radiation from the black hole in a numerical
study.
In this paper we investigate the 2d dilaton black hole models with the local
mass introduced in our previous paper [12]. This local mass can be related with
the integral of the energy momentum tensor in the weak eld region, hence we can
calculate the total energy radiated from the black hole with it.
In the next section we review our previous work and introduce the local mass.
It may be helpful to apply the method we adopt here to the case analytical solution
for evaporating black holes in section 3. In particular, it is demonstrated that the
excess of the Hawking radiation from the initial incoming energy can be observed
as the negative value of the local mass.
We present the result of our numerical study in section 4. It is shown that
the CGHS model suers from the same problem, i.e., the excess of the Hawking
radiation as the RST model. The section 5 is devoted for discussion.
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.2 Local mass
In this section we explain the concept of the local mass, which we have used
in [12] to analyze 2d quantum black hole models. An expression of the local mass
for spherically symmetric four dimensional gravity can be found in early literature
[13]. Tomimatsu [14] used the local mass in the four dimension to investigate an
evaporating Schwartzschild black hole. The local mass for the 2d dilaton black
hole is also considered in [15, 16].
The gravitational part of the action which we are going to study consists of 2d















































Throughout the paper we restrict our investigation within the initial matter con-
guration such that a shock wave of f
1





In Hamiltonian formalism, we see a certain combination of two Hamiltonian
constraints for the gravitational part give the total divergence of the local mass








































Then it turns out that the following certain combination of the above constraints










































We call the functionM the local mass.
It would be more transparent to execute the procedure described above in the

































If we make a current J



















= 0 identically. It is the reminiscent
of what Kodama [17] has found in four dimensional spherically symmetric system.












































The above is the covariant expression of (2.6).
In the above construction, there exists an ambiguity. Of course it consists
of the energy momentum tensor and gives the conserved current hence it may
relates with some kind of mass. However we may add or multiply a constant to
its expression. This ambiguity is xed by the following discussion. We can relate
the local mass with the ux of energy momentum tensor in the weak eld region.
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It is easy to see that the above geometry (2.11) gives zero for the local mass (2.10).






















is nothing but the gravitational part of the equations of motion which















The ambiguity which may exist in the denition for the local mass is xed by
the above relations (2.12) and the fact that the local mass becomes zero for LDV
(2.11).
If we take an asymptotically at coordinate system, the above relations (2.12)
shall also hold at innity, where the gravitational eld is weak enough. Assuming





be zero, the integration of the rst relation in (2.12) along the past null innity
(x
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which coincides with the expression of the Bondi mass.
The shock wave of f
1
, which represents the implosion of the matter shell, should
































































The above expression agrees with the result from the direct calculation of the local
mass for the CGHS solution [12].
We would like to emphasize that the local mass is the amount of the ux
of the energy-momentum tensor in the weak eld region. On the other hand





reects quantum eects, especially one from the

















































) R ; (2.20)
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where R stands for the scalar curvature of two-dimensional geometry. To derive the
above expression (2.20) we have used the equations of motion (4.1) which include
the eective term from the quantum correction for the matter part. Then one can





























which is appeared in [4].
We have introduced a function, "local mass", which should be useful to in-
vestigate 2d dilaton black holes. Unfortunately incorporating the quantum eect
prevents us from obtaining an analytical solution for the system. Therefore we
need a numerical study. On the other hand Russo, Susskind and Thorlacius found
the model which is exactly soluble under the quantum correction. In the next
section we analyze the behavior of the local mass for the RST model.
.3 Behavior for RST model
In this section we estimate the value of the local mass for the RST model. In









into the CGHS model, as well as a term from the quantum eect of the matter,



















































Figure 1: The behavior of the local mass for the RST model is shown in 3Dplot
The above solution describes the formation of a black hole and its evaporation
through Hawking radiation.
We can visualize the RST model by the behavior of the local mass at each space
time point. It is shown in Figures 1 and 2.
In the region x
 
!  1, the local mass shows the same behavior as that of
the original CGHS model. It is clear from the fact that the above RST solutions
reduce to the classical ones of the CGHS model at x
 
! 1. On the other hand,





























This dierence may be caused by the additional eective term (3.1).
The RST model has the advantage that we can evaluate the value of the local
mass at x
+
= +1 analytically. The information at the future null innity contains
that of the end point of the black hole. Also at the future null innity the local
mass directly corresponds to the sum of the total energy so far radiated. The result
































The fact that in the RST model the black hole falls into negative energy state
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Figure 2: The behavior of the local mass for the RST model in density contour
plot, where the density decreases as the local mass grows.
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at the point so far the initial condition can be continued. This is the reection of
the relation between the local mass and the energy momentum tensor (2.15). In
Figure 2 one can see the region where the local mass takes negative value at the







.4 Numerical study of the CGHS model




























































These equations which incorporate the quantum eects are no longer exactly solv-
able and we shall solve them numerically.
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= 1. The  and  on x
+












We shall impose boundary conditions at the past null innity where solutions
become the classical ones. Actually at a large negative value of x
 
, we impose that
the  and  take the classical values.
For xed x
+





 with respect to x
 
. We numerically integrate the equations
from a large negative value of x
 
through the apparent horizon, @
+
 = 0, to the
singularity e
2
= 12=N . In practice we calculate just before the singularity. With




 we step forward in the x
+
direction. Actually




 on the shock-wave line x
+
= 1 can be calculated from











































and they can be used to check whether the numerical algorithm is accurate or
not. The numerical calculational method which we adopted is explained in the
appendix.
The result of the singularity and the apparent horizon in the CGHS model for
M = 25 and N = 300 is shown in Fig. 3, and it indicates that the singularity and











The local mass function (2.6) in the CGHS model for the same M and N is

























Figure 3: The singularity and the apparent horizon in the CGSH model.
CGHSmassa.eps
























Figure 5: The local mass function in the CGSH model (density plot).
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.5 Discussion
In the previous section we found that the amount of the Hawking radiation
from the CGHS model exceeds the incoming energy as well as the RST model
case. In other words, the CGHS model fails to end up as the vacuum but falls into
the space time whose scalar curvature is negative.
One of the interpretations is that this means merely the failure of the CGHS
model as a toy model for the black hole model. In particular, we have coupled
scalar elds as the matter to gravitational eld in a dierent way compared to
the four dimensional case. This coupling of the matter elds adopted here enables
us to calculate the back reaction but could also cause the excess of the radiation
energy.
The four dimensional Einstein gravity, however, may also suer from the similar
problem. If it would be the case, we may have a chance to nd a consistent
black hole model in 2d dilaton gravity starting from the CGHS model with some
modications. Those modications also aect the study of the four dimensional
black hole and the theory of gravity. The CGHS model could present a criterion
whether a certain quantum gravity theory is consistent with our intuition. In other
words we can use the 2d dilaton black hole to qualify quantum gravity theories.
One of the possible modications may be that from the string theory. There
have been many attempts to resolve the problems of the black hole by string











is the inverse string tension, [18] will provide
the string correction to the model. It would be interesting to estimate the eect
of the above term to the present local mass analysis.
For further investigation it may also be interesting to analyze a black hole
model proposed by Nojiri and Oda [19]. The model is described by SL(2,R)/U(1)
gauged WZW model deformed by (1,1) operator and they claimed that the black
hole reaches zero mass state and evaporates completely.
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.A The Method of Numerical Calculations




) is represented by a two dimensional lattice
with equal spacing in each direction. The lattice spacing in x
+
direction is much
narrower than that in the x
 
direction.


















and for xed x
+
the rst equation can be seen as an ordinary dierential equation
of the rst order for @
+





direction. We have adopted the \Cubic Spline Interpolation" method to








 are computed with a
fourth-order backward dierential method.
The values of  and  on the next x
+





 in the linear extrapolation.
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